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We introduce a method that jointly considers multiple criteria sorting and ranking. The method derives from a
real-world problem of parametric evaluation of research units carried out by the Polish Ministry of Science and
Higher Education. It assigns the units to three classes representing different qualities of both acquired effects
and activities undertook in the evaluation period. Although units placed in the same class are guaranteed the
same level of funding, they are not considered indifferent in the subsequent analysis and, thus, need to be ordered
from the best to the worst in each class. A proposed outranking relation compares the units pairwise and the
result is exploited so as to get a ranking of the units. The ranking is transformed to class assignments based on
the attained comprehensive scores and ranks. To enhance interpretability of the results, we infer two reference
profiles (artificial reference research units) separating the classes so that each class accumulates units ranked
not worse than the corresponding lower profile and worse than the respective upper profile. The procedure
takes into account desired cardinalities of classes, i.e., shares of units that are judged as leading, average, or
weak. We discuss several procedures with different ways of inferring the reference profiles and scoring the
units. We also analyze robustness of the results.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

Each multiple criteria decision aiding (MCDA) method is distin-
guished by the type of admitted preference information, the procedures
used to construct a preference model, and the techniques used to work
out a final recommendation [36]. Usually, these methods are designed
for dealing with either ranking and choice (e.g., [8,20,37,46]) or
sorting problems (e.g., [9,19,32]). In this paper, we introduce a novel
MCDA method able to deal with multiple criteria sorting and ranking
considered jointly. Its development has been motivated by the specific
requirements of the Polish Ministry of Science and Higher Education
facing a real-world problem of the parametric evaluation of research
units.

Every 3 years, the ministry is carrying out an evaluation of research
units applying for the statutory activity funds. This evaluation, called
categorization, is performed within groups of few tens of units having
similar activity profiles, called groups of joint evaluation (GJE). The
categorization consists in assigning each unit of a GJE to one of three
classes corresponding to different qualities of both acquired effects
and activities undertook in the evaluation period. These effects and
activities are represented by four independent criteria. The assignment
procedure needs to respect desired cardinalities of classes, i.e., shares
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of alternatives that can be judged as leading, average, or weak units
(see [33,40,50]). Let us emphasize that multiple criteria evaluation of
education and/or research quality of different units, universities, cities,
and countries is an appealing issue that has recently motivated a wide
variety of studies (see, e.g., [10,23,38]).

In our application, the research units from a GJE assigned to the
same class are getting the same funding level. However, they are not
considered indifferent in the subsequent analysis. It is the case since
the Ministry would like to differentiate over- and underperforming
units within each class, to potentially distinguish a small subset of the
leading research units that merit additional funds in case they prove
clearly better than the remaining units, and to provide all of them
with a feedback on their effectiveness against all other units. This
indicates the need for ordering the units within a given GJE from the
best to the worst one.

The ranking is transformed to class assignments based on the attained
comprehensive scores and ranks. To enhance the interpretability of
the results, some reference profiles (artificial reference research units)
separating the classes need to be constructed so that each class accumu-
lates the units not worse than the corresponding lower profile and
worse than the respective upper profile. The need for inclusion of the
reference profiles in the method was indicated by the representatives
of the Ministry. Moreover, within the method, the existing research
units need to be considered jointly with the reference profiles. This
requirement implies that one cannot first rank the existing units and
only then discover the profiles dividing the ranking into pre-defined
proportions so that to separate the classes. Instead, the ranking and
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class assignments need to be constructed simultaneously. Respecting
desired class cardinalities imposes constraints on the ranks attained
by the reference profiles.

Let us note that decision aiding in the context of traditional sorting
problems with unsized classes is based on the absolute evaluation of
each alternative to be assigned. Considering the alternatives' intrinsic
values, e.g., all of them can be assigned to the same class while some
other classes may remain empty [2]. When taking into account desired
class cardinalities, this formulation of the sortingproblemdoes not hold.
Considering such requirements creates a partial dependence between
the alternatives and implies the need for introducing a relative compar-
ison approach. This can be achieved by integrating the constraints on
the class cardinality into the assignment process. Even if the relative
comparisons need to be performed, this does not contradict, however,
the interpretability of the pre-defined and ordered decision classes.
First, it is the particular decision aiding context that provides constraints
on the size of the classes. Second, the definition of decision classes
in sorting problems is first and foremost related to the way in which
alternatives assigned to each class would be further processed. This
treatment needs to be the same for all alternatives assigned to the
same class, which holds for our problem in the phase related to granting
the funds.

When comparing the alternatives in a pairwise fashion with respect
to their performances on all criteria, we wish to avoid compensatory
aggregation of scientific achievements measured on different scales.
Thus, each criterion is characterized by the following parameters: its
weight, expressing its relative importancewith respect to other criteria,
as well as by its indifference and preference thresholds corresponding
to the differences between performances of units compared pairwise
on this criterion that are negligible or significant, respectively. In other
words, the indifference and preference thresholds permit to discrimi-
nate between indifference, weak preference, and strict preference in a
pairwise comparison of units on this criterion. The comparison of a
pair of units on all criteria is then summarized by a valued outranking
relation defined in a specific way.

The rank of each unit (including existing research units and refer-
ence profiles) and, thus, the corresponding assignment is determined
by its comprehensive score resulting from exploiting the outranking
relation on the set of all units using the net flow score (NFS) procedure
(see, e.g., [4,45]). Generally speaking, this procedure assigns to each
alternative a ∈ A a “measure of its desirability” by aggregating
arguments which are in favor of its strength and weakness. We discuss
different scoring procedures, whichmay be divided into two groups. On
the one hand, a unit may get a score of one when it outranks another
unit in the pairwise comparison, or no score, otherwise. Alternatively,
it may be assigned a score between zero and one, corresponding to
the degree of credibility of the outranking. In any case, a comprehensive
score of each unit is obtained as the sum of scores corresponding to the
outranking of this unit over all the others. The comprehensive score
thus represents the relative power of a unit derived from its pairwise
comparisons with all remaining units. Since the existing research units
and reference profiles are considered jointly in the ranking procedure,
let us emphasize that each existing research unit (reference profile)
is compared against all reference profiles (existing units) and the
remaining existing units (reference profiles).

Let us remind that reference profiles have been already used in
different contexts in MCDA. For example, in the ELECTRE Tri sorting
method (see, e.g., [48,14]), the class profiles are interpreted as bounds
between the classes. Traditionally, these profiles had to be provided
directly by the decision maker (DM), but various elicitation techniques
for admitting indirect preference information have been proposed. In
particular, Mousseau and Słowiński [41] suggest to infer the ELECTRE
Tri preference model parameters from the assignment examples given
by the DM, using non-linear optimization. Further, Ngo The and
Mousseau [42] use mixed-integer linear programming (MILP) to infer
these class profiles, considering other parameters as fixed. Moreover,
Cailloux et al. [7] propose elicitation procedure to infer class profiles
from assignment examples provided by multiple DMs. On the other
hand, in ELECTRE Tri-C [3] and ELECTRE Tri-rC [35], the alternatives
are not compared against the class boundaries but rather with charac-
teristic profiles that contain the representative description of each
class. Finally, Rolland [43] introduce decision rules using reference
profiles (levels) for multiple criteria ranking. The results show that
employing reference levels overcomes the usual weakness of the
rankingmethods based onpairwise comparisons,which is the sensitivity
of the ranking to the change of the considered set of alternatives. The
disaggregation approach for inferring these profiles in an indirect way
is discussed by Zheng [49].

The organization of the paper is as follows. In the next section, we
introduce notation thatwill be used along the paper. The decision aiding
process with the proposed method is described in Section 3. The details
of mathematical preference modeling underlying the introduced
approach are outlined in Sections 4 and 5. They concern the definition
of the employed model, procedures for deriving recommendation
with the use of reference profiles selected according to some pre-
defined rules, as well as algorithms for analyzing robustness of the
suggested recommendation. The use of the presented method is
illustrated on a problem of parametric evaluation of research units in
Poland (see Section 6). Although the study consists in assigning the
units to three classes, when introducing the method, we discuss a
more general case with any number of classes greater than one. The
last section concludes the paper.

2. Notation and basic concepts

We shall use the following notation:

• A={a1, a2,…, ai,…, an}—a finite set of n alternatives (research units);
• G={g1, g2,…, gj,…, gm}—afinite set ofm evaluation criteria, gj :A→ℝ
for all j ∈ J = {1, 2,…, m};

• Xj={xj∈ℝ : gj(ai)= xj, ai∈ A}—the set of all different evaluations on
gj, j ∈ J; we assume, without loss of generality, that the greater gj(ai),
the better alternative ai on criterion gj, for all j ∈ J;

• x1j ; x
2
j ;…; xn j Að Þ

j —the ordered values of Xj, xjk b xj
k + 1, k=1,…, nj(A)−

1, where nj(A) = |Xj| and nj(A) ≤ n;
• Ch, h = 1, …, p—pre-defined preference ordered classes such that
Ch + 1 is preferred to Ch, h = 1, …, p − 1; H = {1, 2,…, p};

• R= {r1,…, rp − 1}—reference profiles separating the classes; they are
unknown a priori and need to be constructed according to some rules;

• B = A ∪ R—a set of existing alternatives and reference profiles which
are all treated equally in the ranking procedure.

Outranking relation is a preference model intended to represent
preferences of a DM on a set of alternatives by a pairwise comparison
function:

s g1 að Þ; g1 bð Þ;…; gm að Þ; gm bð Þð Þ : ℝ2m → ℝ; for a; b ∈ A:

In this study, we adopt the procedure for construction of the
outranking relation used in the PROMETHEE method (see, e.g., [5,6,17,
18]). PROMETHEE and its further extensions have proven to be well
suited for real-world multiple criteria problems in various areas such
as, e.g., stock trading [1], equipment selection [47], bank rating [15],
infrastructure assessment [21], energy market [24], outsourcing in
information systems [11], or climate protection [39]. In this method,
for each criterion gj, j = 1, …, m, one considers a preference function
πj(a, b), such that for all a, b ∈ B:

π j a; bð Þ ¼ F j dj a; bð Þ
� �

∈ 0;1½ �;

where dj(a, b) = gj(a) − gj(b).
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Let us denote by wj the weight assigned to criterion gj, j = 1, …, m,
expressing relative importance of gj in set G. Without loss of generality,
we assume that theweights of criteria sumup to one, i.e.,∑j = 1

m wj=1.
Remark that these weights are not interpreted here as weights of
criteria in a weighted sum of criteria. In the latter preference model,
alike in thewhole family of compensatory preferencemodels it belongs,
the weights play the role of substitution rates among criteria. In the
outranking model, the weights are not multiplied by performances on
the corresponding criteria but, instead, they underline the relative
strength of criteria in a voting-like procedure for or against outranking
of one alternative over another.

The criteria are also associated with indifference qj and preference pj
thresholds. For consistency, pj ≥ qj ≥ 0, j = 1, …, m. Knowing the
difference between evaluations of alternatives a, b ∈ B on a particular
criterion gj, one is able to represent situations of weak or strict prefer-
ence and indifference among a and b on gj. The type of relation implies
value assigned to a marginal preference function πj(a, b):

π j a; bð Þ ¼
wj; if g j að Þ−g j bð Þ≥pj;

wj g j að Þ−g j bð Þ
� �

−qj

h i.
pj−qj

� �
if pj≥g j að Þ−g j bð Þ≥qj;

0; if g j að Þ−g j bð Þ≤qj:

8><
>:

ð1Þ

Note that in case a is weakly preferred to b, wemay employ different
non-linear scoring schemes. In particular, we may define a middle level
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Fig. 1. Decision aiding process f
for the preference function, e.g., if pj≥ gj(a)− gj(b)≥ qj, then πj(a, b) =
0.5wj. Furthermore, if the DM provides a preference threshold pj
only, then:

π j a; bð Þ ¼ wj; if g j að Þ−g j bð Þ ≥ pj;
0; if g j að Þ−g j bð Þ b pj:

�
ð2Þ

To express the degree in which a is preferred to b on all criteria, we
will refer to an aggregated preference index:

π a; bð Þ ¼
Xm
j¼1

π j a; bð Þ for all a; bð Þ ∈ B� B:

Remark that π(a, b) ∈ [0, 1], where π(a, b) = 0 if gj(a) − gj(b) ≤ qj,
j = 1, …, m (a is at most indifferent to b on all criteria), and π(a, b) =
1 if gj(a) − gj(b) ≥ pj, j = 1, …, m (a is strictly preferred to b on all
criteria).

3. Decision aiding with the proposed approach

Parametric evaluation of research units can be aided with the
proposed approach through the five-step process illustrated in Fig. 1.

Step 1. The process begins by defining the problem: a set of alternatives
(research units) A (i.e., a group of joint evaluation), a set of
criteria G, the units' performances on the criteria representing
tives 
 A

Set of ordered classes C STEP 1

STEP 2

Desired class cardinalities

tible with preference information STEP 3

ction of representative reference profiles

STEP 4

ference 
esholds

raints on performances of reference profiles

ticular MILP problem

ments, and ranks of research units in A

ible and necessary assignments STEP 5

or the proposed approach.
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the quality of their effects in the evaluation period, and a set of
ordered classes C.

Step 2. Then in Step 2, the preference information is elicited. To enable
comparison of units with respect to their performances, we
assume that the DMprovides for each criterion gj∈ G its weight
wj aswell as the indifference qj and preference pj thresholds. Let
us remind that wj should be interpreted as the voting power
of gj, which depends neither on the range of the criterion scale
nor on the encoding chosen. For the problem of parametric
evaluation of research units, the DM has a clear understanding
of the importance of each criterion. Further, the indifference
and preference thresholds are interpreted as, respectively,
the greatest performance difference for which the situation of
indifferenceholds on gj and the smallest performance difference
for which the situation of preference occurs on gj.
Remark that instead of the two discrimination thresholds, (s)he
may provide preference threshold pj only. Such model is
certainly easier to explain since a sharp transition from indiffer-
ence to strict preference is more intuitive for the DMs who are
not familiar with the outranking methods. Nevertheless, in
some decision making situations, using pseudo-criteria with a
pair of comparison thresholds is appealing. In particular, it
allows accounting for a situation of weak preference where
neither of the two preceding situations can be distinguished as
appropriate (i.e., when there are insufficient reasons to deduce
the strict preference in favor of one alternative, but they are
clear and positive enough to invalidate the indifference
between the alternatives). The experience of using outranking
methods in real-world decision problems shows that the
assumption about providing values for the indifference and
preference thresholds is not unrealistic. Once their meaning is
explained, the experts, being aware what is the precision of
criteria, are able to indicate how much difference is negligible
or significant.
Moreover, we assume that the DM specifies shares of
alternatives in A that should be assigned to each class Ch, h =
1, …, p. Let us denote the minimal and maximal bounds for
such a share by Nh

perc ‐ min
and Nh

perc ‐ max
(in %). In case these

are equal, we may denote the required share by Nh
perc

. Remark
that such constraints are not related only with the preferences
of the DM but also with the particular sorting context. For our
problem, they are implied by a limited budget of the Ministry
granting funds for a statutory activity of research units.
Prior to discovering the reference profiles separating the classes,
the DM may define constraints with respect to their perfor-
mances on different criteria. These may rely either on expert
knowledge about the targets that should be satisfied by a unit
C3: leading

r2

C2: average

r1

C1: weak

alternatives with
not worse than r

reference
profiles

alternatives with
not worse than r
and worse than r

alternatives with
worse than r1

class assignment con

Fig. 2. Desired result of the joint ranking/sorting p
assigned to a given class, or on results of the statistical analysis
of performances attained by the units within GJE.
Finally, the proposed approach requires to assign a comprehen-
sive score to each unit (including existing research units and
reference profiles). First, the scoring procedure constructs an
outranking relation on the set of units. Then this relation is
exploited to compute for each unit its comprehensive score as
a sum of scores derived from unit's pairwise comparisons
against all other units. We propose several exploitation proce-
dures, out of which the DM should choose one to be used for
scoring the units. On the one hand, (s)he may wish to use a
procedure with binary (win/no win) scores. It assigns a single
score to a unit in case it proves better when compared pairwise
with some other unit, and no score otherwise. On the other
hand, (s)he may employ a scheme with continuous scores
corresponding to the degree of credibility of an outranking
relation. In this case, a unit is rewarded for each individual
aspect in which it proves its superiority over another unit.
These procedures are discussed in detail in Section 4.2.

Step 3. Step 3 consists of constructing the disaggregation model for
inferring reference profiles compatible with the preference
information provided by the DM. This model is composed of
two types of constraints:
• these concerning performances of reference profiles to be in-
ferred and their comparison with the existing research units,
and

• constraints that guarantee that the scoring procedure would
work as intended and that the resulting class assignments
would respect desired class cardinalities.

For clarity, we discuss these different types of constraints sep-

arately in Sections 4.1 and 4.2. Nevertheless, they are subse-
quently incorporated into a single model so that both the
inference of reference profiles and their comparison with the
existing unitswithin the joint ranking/sorting procedure are con-
ducted simultaneously.

The desired result of applying this procedure for the case of
three decision classes is presented in Fig. 2. Let us remind that
the role of reference profiles is to transform the ranking into class
assignments. Precisely, each class accumulates existing research
units which are scored not worse than the respective lower pro-
file andworse than the upper profile. To respect desired class car-
dinalities, the construction of the profiles needs to account for the
ranks they attain. This can be achieved by controlling the number
of existing research units ranked at least as good and lower than
each profile.
In general, there may exist more than one compatible set of
reference profiles. In this perspective, in MCDA, one employs
a score

2

a score

1

2

a score

number of alternatives
assigned to each class

ditions

rocedure for the case of three quality classes.
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two different approaches for deriving a recommendation. One of
them concerns selection of a single preference model instance
that matches preferences and requirements of the DM in the
“best”way (for a discussion, see, e.g., [16,28,31]).We take advan-
tage of this approach in Step 4. The other approach, which is fur-
ther employed in Step 5, takes into account all compatible
preference model instances and investigates robustness of the
delivered recommendation (see, e.g., [12–14,25]).

Step 4. Step 4 consists of building a recommendation with respect to a
single representative set of reference profiles. We propose some
pre-defined rules for its selection. In particular, the DM may
wish the profiles to be either as good or as bad as possible (see
Section 5.1 for details). Then the selection procedure consists in
solving a single MILP problem, which leads to indicating:
• theperformances of referenceprofileswhich canbe interpreted
as requirements that a research unit should satisfy to be
assigned to a particular class;

• the assignments of all units which determine their funding
level for the next evaluation period;

• the scores of all units reflecting their desirability and effective-
ness against the remaining units; these scores along with the
ranks can be used to distinguish over- and underperforming
units within each class.

Step 5. The analysis of a single representative set of reference profiles
is surely less abstract than that of the whole set of compatible
sets of reference profiles. In such a way, the DM can see a
score of each unit along with the univocal recommendation.
Nevertheless, the selection algorithm from Step 4 introduces
some degree of arbitrariness, which may affect the results.
To verify how fragile they are, in Step 5, we may conduct
robustness analysis taking into account the recommendation
obtained for all compatible sets of reference profiles. We
suggest to focus on the possible and necessary assignments,
which are confirmed by, respectively, at least one and all
compatible sets (see Section 5.2 for details). On the one hand,
the necessary assignment is robust, which means that the
recommendation is the same whatever compatible set of refer-
ence profiles. On the other hand, the possible assignment, in
case of being imprecise, reveals that the recommendation may
vary if some other procedure for selection of a representative
set of reference profiles was chosen.
4. Disaggregation model for inferring compatible reference profiles

In this section, we present a mathematical program for inferring
reference profiles separating the classes. This model is constructed in
Step 3 of the decision aiding process presented in Section 3.

4.1. Performances of reference profiles

First, we define a set of constraints concerning performances of
reference profiles gj(r), j ∈ J. We distinguish two cases depending on
),( arj

jw

0 jp

0, =j
arv

Fig. 3.Marginal preference function in case the
whether the DM provides for criterion gj a preference threshold pj
only, or both indifference qj and preference pj thresholds.

π j a; bð Þ for a; bð Þ∈ A� A; j∈ J; is known and computed with 2ð Þ;
for r∈ R; a∈ B and j∈ J :

C1½ � vj
r;a ⩽ 1=M � g j rð Þ−g j að Þ−pj

� �
þ 1;

C2½ � vj
r;a ⩾ 1=M � g j rð Þ−g j að Þ−pj þ ε

� �
;

C3½ � π j r; að Þ ⩽ vj
r;a;

C4½ � π j r; að Þ ⩾ vj
r;a þwj−1;

C5½ � π j r; að Þ ⩾ 0;
C6½ � π j r; að Þ ⩽wj;

C7½ � vj
r;a ∈ 0;1f g;

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

E r; að Þ

for r∈ R; a∈ B and j∈ J :
E a; rð Þ corresponding to E r; að Þ with inverse positions of a and rð Þ;

PR1½ � g j rhð Þ⩾ g j rh−1ð Þ þ ε; h ¼ 2;…;p−1;

PR2½ � x
n j Að Þ
j ⩾ gmax

j rhð Þ ⩾ g j rhð Þ ⩾ gmin
j rhð Þ ⩾ x1j ; h ¼ 1;…;p−1;

M is arbitrarily large positive value greater than x
n j Að Þ
j −x1j ;

ε is an arbitrarily small positive value; e:g:; 0:001:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

Eprefprofiles

Let us first consider the case of a given preference threshold pj only
(see constraint set Eprofiles

pref ). Since performances gj(r), j ∈ J, are
unknown, we need to relate the difference gj(r) − gj(a), for r being a
reference profile in R and a being either an alternative in A or another
reference profile, with marginal preference index πj(r, a). This relation
is represented by constraint set E(r, a) in the following way. With
each pair (r, a) ∈ R × B and criterion gj ∈ G, we associate a binary
variable v r,a

j . It is equal to 0, if r is not preferred to a on gj,
i.e., gj(r) b gj(a) + pj (see constraint [C1]). In case r is preferred to a on
gj, i.e., gj(r) ≥ gj(a) + pj, it is equal to 1 (see constraint [C2]). Now, if vr,

a
j = 1, then marginal preference index πj(r, a) is equal to wj (see
constraints [C4] and [C6]), while if v r,a

j = 0, then πj(r, a) is equal to 0
(see constraints [C3] and [C5]). This is represented graphically in Fig. 3.
Additionally, we require performances of an upper profile of each
class to be better than the performances of the corresponding lower
profile on each criterion (see [PR1]). Finally, in case the DM specified
some real interval [gjmin(rh), gjmax(rh)] allowed for the performance
gj(rh), this is respected with [PR2].

In case the DM provided both indifference qj and preference thresh-
old pj, with each pair (r, a) ∈ R × B and criterion gj ∈ G, we associate
three binary variables: vr,ap, j, vr,ai, j , and vr,a

w, j (see constraint set E′(r, a)).
They correspond to zones of strict preference, indifference, and weak
preference between r and a, respectively. Only one of these variables
may be instantiated with one, while the remaining ones are set to
zero. This is guaranteed by constraint [CV1]. Which binary variable is
set to one is determined by a comparison of gj(r) − gj(a) with indiffer-
ence qj and preference pj thresholds. For example, if gj(r) − gj(a) ⩾ pj,
then vr,a

p, j = 1, vr,ai, j = 0, and vr,a
w, j = 0 (see [CP1] and [CV1]). This, in turn,

implies that πj(r, a) = wj (see [CP2] and [CP3]). Since vr,a
i, j = 0 and vr,a

w,

j = 0, constraints [CI1 − CI3] and [CW1 − CW4] are always satisfied,
being eliminated. On the other hand, if vr,ai, j = 1, then πj(r, a) = 0, and
)()( agrg jj

1, =j
arv

DM provides a preference threshold only.
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if vr,aw, j = 1, then πj(r, a) = wj ⋅ [(gj(r) − gj(a)) − qj]/(pj − qj). This is
represented graphically in Fig. 4.

π j a; bð Þ for a; bð Þ∈ A� A; j∈ J; is known and computed with 1ð Þ;
for r∈ R; a∈ B and j∈ J :

CP1½ � g j rð Þ−g j að Þ ⩾ pj−M 1−vp; jr;a

� �
;

CP2½ � π j r; að Þ ⩾wj−M 1−vp; jr;a

� �
;

CP3½ � π j r; að Þ ⩽wj þM 1−vp; jr;a

� �
;

CI1½ � g j rð Þ−g j að Þ ⩽ qj þM 1−vi; jr;a
� �

;

CI2½ � π j r; að Þ ⩾ 0−M 1−vi; jr;a
� �

;

CI3½ � π j r; að Þ ⩽ 0þM 1−vi; jr;a
� �

;

CW1½ � g j rð Þ−g j að Þ ⩽ pj þM 1−vw; j
r;a

� �
;

CW2½ � g j rð Þ−g j að Þ ⩾ qj−M 1−vw; j
r;a

� �
;

CW3½ � π j r; að Þ ⩾wj � g j rð Þ−g j að Þ
� �

−qj

h i.
pj−qj

� �
−M 1−vw; j

r;a

� �
;

CW4½ � π j r; að Þ ⩽wj � g j rð Þ−g j að Þ
� �

−qj

h i.
pj−qj

� �
þM 1−vw; j

r;a

� �
;

CV1½ � vp; jr;a þ vi; jr;a þ vw; j
r;a ¼ 1;

CV2½ � vp; jr;a; v
i; j
r;a; v

w; j
r;a ∈ 0;1f g;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

E0 r; að Þ

for r∈ R; a∈ B and j∈ J :
E0 a; rð Þ corresponding to E r; að Þ with inverse positions of a and rð Þ;

PR1½ �; PR2½ �:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

Eind‐prefprofiles

4.2. Scoring procedures

Let us now discuss exemplary scoring procedures and the way of
accounting for desired class cardinalities specified by the DM.

First, we refer to a scoring procedure, which compares alternatives
pairwise and grants each alternative a score in the range [0, 1].
This score is equal to a comprehensive preference index π(a, b). Then
a comprehensive score of a ∈ B is computed as Sc(a) = ∑b ∈ Bπ(a, b);
see constraint set Escorescontinuous. This scoring procedure is represented
graphically in Fig. 5a). To respect desired cardinalities for each class Ch,
we need to ensure that only a pre-defined share of the whole set of
research units a ∈ A is at least as good as the reference profile rh − 1

and worse than rh. This is achieved with constraints [P3 − P8]. Precisely,
if Sc(a) g Sc(rh − 1) and Sc(a) b Sc(rh), then the binary variable vCOMP

a;Ch

is set to one. Thus, the sum of binary variables vCOMP
a;Ch

for all a ∈ A

corresponds to the number of existing research units, which are ranked
at least as good as reference profile rh − 1 and worse than rh.
This sum needs to be not less than ⌈Nh

perc ‐ min ⋅ n⌉ and not greater than
⌈Nh

perc ‐ max ⋅ n⌉ (or equal to ⌈Nh
perc ⋅ n⌉ if the DMprovided precise desired

class cardinality).

for a; b ∈ B :

P1½ � π a; bð Þ ¼
Xm
j¼1

π j a; bð Þ;

for a ∈ B :
P2½ � Sc að Þ ¼

X
b∈B

π a; bð Þ;
for a ∈ A :

P3½ �
Xp
h¼1

vCOMP
a;Ch

¼ 1;

for a ∈ A; h ¼ 1;…;p :
if h N 1 :
P4½ � Sc að Þ ⩾ Sc rh−1ð Þ−M 1−vCOMP

a;Ch

� �
;

if h b p :

P5½ � Sc að Þ þ ε ⩽ Sc rhð Þ þM 1−vCOMP
a;Ch

� �
;

P6½ � vCOMP
a;Ch

∈ 0;1f g;
for h ¼ 1;…; p :

P7½ �
X
a∈A

vCOMP
a;Ch

≥ qNperc‐min
h � na;

P8½ �
X
a∈A

vCOMP
a;Ch

≤ tNperc‐max
h � n:b

9>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>;

Eclasscard

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

Econtinuousscores

A different scoring procedure assumes that alternatives are com-
pared pairwise and the alternative which proves better is granted a
score of one (see constraint set Escoresbinary). For example, if the strength of
arguments in favor of a when compared to b, which is materialized
with π(a, b), is greater than the strength of arguments in favor of b
when compared to a (π(b, a)), then binary variable va,b in constraint
[W4] is set to one. Otherwise, it is instantiated with zero. This scoring
procedure is represented graphically in Fig. 5b). Alternatively, a
may be granted a score only if arguments supporting its strength are
sufficiently great (e.g., if π(a, b) is not less than some cutting level
λ N 0.5 pre-defined by the DM; see W 0

1

� �
). In any case, a comprehensive

score Sc(a) of each alternative or reference profile a∈ B is computed by
summing up scores resulting from pairwise comparisons with all
remaining b∈ B, i.e., Sc(a)=∑b ∈ Bva,b. Then desired class cardinalities
are accounted analogously as in E scores

continuous. The procedure with binary
scores is interesting because when computing Sc(a), for a ∈ B, it
eliminates the undesired compensation between a single large value
π(a, b) and several small values π(c, a), for b, c ∈ B.

for a; bð Þ ∈ A� A :
W1½ � va;b ¼ 1; if π a; bð Þ N π b; að Þ
W 0

1
� �

or π a; bð Þ≥λð Þ;
W2½ � va;b ¼ 0; if π a; bð Þ≤π b; að Þ
W 0

2
� �

or π a; bð Þ b λð Þ;
for a; bð Þ ∈ R� A or A� R :

W3½ � π a; bð Þ ¼
Xm
j¼1

π j a; bð Þ;

W4½ � π a; bð Þ ⩾ π b; að Þ þ ε−M 1−va;b
� �

;

W4½ � π a; bð Þ ⩽ π b; að Þ þMva;b;

W 0
4

� �
or π a; bð Þ ⩾ λ−M 1−va;b

� �� �
;

W 0
4

� �
or π a; bð Þ þ ε ⩽ λþMva;b

� �
;

for a ∈ B :
W5½ � Sc að Þ ¼

X
b∈B

va;b;

Eclasscard :

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

Ebinaryscores

Let us denote by RDM the set of preference model instances (in
particular, reference profiles) compatible with the DM's preference
information. It is defined by a set of constraint EDM = Eprofiles ∪ Escores,
where Eprofiles is equivalent to Eprofiles

ind ‐ pref or Eprofiles
pref depending on

whether the DM provided indifference thresholds or not and Escores is
equivalent to Escores

binary or Escorescontinuous depending on the selected scoring
procedure.

The following variables are involved in formulation of EDM:

• gj(rh) for h = 1, …, p − 1, involved in Eprofiles (these variables repre-
sent the performances of the reference profiles),

• πj(r, a) and πj(a, r) for r∈ R, a∈ B, and j∈ J, involved in Eprofiles (these
variables represent marginal preference indices for pairs consisting of
a profile and a unit),

• vr,a
j and va,r

j used in case Eprofiles = Eprofiles
pref , or vr,ap, j, vr,ai, j , vr,aw, j, va,rp, j, va,ri, j , and

va,r
w, j used in case Eprofiles = Eprofiles

ind ‐ pref for r ∈ R, a ∈ B, and j ∈ J (these
binary variables represent either preference or its lack, or preference,
weak preference, and indifference on a given criterion for pairs
consisting of a profile and a unit);

• π(a, r) and π(r, a) for r ∈ R and a ∈ B, involved in Escores (these
variables represent comprehensive preference indices for pairs
consisting of a profile and a unit; note that π(a, b) for a, b ∈ A, are
constants);

• Sc(a) for a ∈ B, involved in Escores (these variables represent compre-
hensive scores attained by the units);

• vCOMP
a;Ch

for a ∈ A and h ∈ H, involved in Escores (these binary variables
represent assignment of a unit a ∈ A to class Ch);

• va,r and vr,a for a ∈ A and r ∈ R, involved in Escores
binary (these binary

variables represent superiority of a unit over a profile, or vice versa;
note that va,b for a, b ∈ A, are constants).
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Fig. 4. Marginal preference function in case the D
5. Multiple criteria ranking and sorting with inferred reference
profiles

In this section, we discuss procedures for both selection of a single
set of representative reference profiles as well as robustness analysis.
They are employed in Steps 4 and 5 of the decision aiding process
presented in Section 3.
5.1. Selection of a representative set of reference profiles

When selecting a single set of representative reference profiles, one
may consider different requirements. In particular, one may select the
profiles which are either as good or as bad as possible. Such profiles
can be interpreted as performance vectors that a research unit should
attain to be assigned to a particular class. For interpretability of the
results, it is also reasonable to require the performances of the profiles
to be balancedwith respect to the extreme performances of alternatives
on different criteria. In this way, we avoid selection of the profiles,
which are relatively good on some criteria, while being relatively bad
on the others. This is achieved by solving problem (3).

Maximize or Minimizeð Þ :
Xp−1

h¼1

δh þ γ
Xp−1

h¼1

Xm
j¼1

δh j ð3Þ
Fig. 5. Scoring procedure with (a) contin
EDM;
for h ¼ 1;…;p−1; j ∈ J :

δh j≤ g j rhð Þ−x1j
� �.

x
n j Að Þ
j −x1j

� �
;

or δh j≥ g j rhð Þ−x1j
� �.

x
n j Að Þ
j −x1j

� �� �
;

δh≤δh j;

or δh≥δh j
� �

;

9>>>>>>>>>=
>>>>>>>>>;

Einference

where γ is an arbitrarily small positive value, e.g., 0.001.
Now, let us explain the objective function in case the selected profiles

are required to be as good as possible (an explanation for the case of pro-
files required to be as bad as possible can be formulated analogously). A

coefficient g j rhð Þ−x1j
� �.

xn j Að Þ
j −x1j

� �
for j ∈ J and h ∈ {1, …, p − 1},

which is used in the above constraint set, represents the location of
gj(rh) on a scale delimited by the extreme performances of existing re-

search units: xn j Að Þ
j and xj

1. For example, if it is equal to 0.75, the distance

of gj(rh) from xj
1 is three times greater than its distance from xn j Að Þ

j .

Apart from the variables included in EDM (these are listed in
Section 4.2), the constraint set Einference involves the following variables:

• δhj for h=1,…, p− 1 and j∈ J, which bound the aforementioned co-
efficients from below; consequently, the greater δhj, the better rh on gj;

• δh for h∈ {1,…, p− 1},which bound the values of respective variables
δhj for j ∈ J, from below; thus, the greater δh, the better the worst
performance of rh on any criterion gj.

rovides indifference and preference thresholds.
uous scores and (b) binary scores.



Table 1
Performance matrix for 20 research units. Scores, class assignment, and ranks of research
units and discovered profiles according to two different scoring procedures.

Continuous scores Binary scores

g1 g2 g3 g4 Sc(a) Class (rank) Sc(a) Class (rank)

RU1 90 86 46 30 15.05 C3 (5) 18 C3 (4)
RU2 40 90 14 48 9.65 C2 (12) 6 C1 (16)
RU3 88 40 50 12 9.70 C2 (11) 15 C2 (7)
RU4 82 94 26 48 15.40 C3 (4) 16 C3 (5)
RU5 94 100 40 36 17.60 C3 (1) 19 C3 (3)
RU6 78 76 30 50 13.05 C2 (7) 14 C2 (8)
RU7 74 70 50 20 10.40 C2 (10) 11 C2 (11)
RU8 80 64 32 38 10.85 C2 (9) 12 C2 (10)
RU9 100 74 48 40 16.20 C3 (3) 20 C3 (2)
RU10 60 60 30 30 6.25 C1 (17) 7 C2 (13)
RU11 64 72 12 46 8.80 C2 (14) 7 C2 (13)
RU12 78 76 36 12 9.45 C2 (13) 13 C2 (9)
RU13 50 80 20 18 6.65 C1 (16) 6 C3 (16)
RU14 62 88 22 48 10.95 C2 (8) 10 C2 (12)
RU15 30 44 30 18 2.50 C1 (21) 3 C1 (19)
RU16 40 54 40 32 5.75 C1 (18) 4 C1 (18)
RU17 70 30 12 12 4.30 C1 (19) 1 C1 (20)
RU18 32 18 28 22 2.45 C1 (22) 1 C1 (20)
RU19 100 80 40 42 16.90 C3 (2) 21 C3 (1)
RU20 24 58 30 18 2.55 C1 (20) 1 C1 (20)
PR1 8.45 (15) 7 (15)
PR2 14.95 (6) 16 (6)
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To select the profiles that are as good as possible with relatively
balanced performances on different criteria, we maximize ∑h = 1

p − 1
δh,

thus requiring the worst performance of each profile to be as good
as possible. As a secondary target, we optimize ∑h = 1

p − 1 ∑j = 1
m δhj,

thus maximizing the profiles' performances on the individual
criteria.

5.2. Robustness analysis

Robustness analysis is understood as a theoretical basis and a diversity
of particular multiple criteria decision support methods that take into ac-
count internal and external uncertainties observed in the actual decision
situations. In this paper,we are interested in investigating the robustness
of the provided recommendation, i.e., whether it is valid for all or for the
most plausible sets of model parameters. We focus on the assignment-
related results. In this case, it is reasonable to consider the possible and
necessary assignments. Precisely, given a setRDM of compatible prefer-
ence model instances, for each alternative a ∈ A, the possible assign-
ment CP(a) is defined as the set of indices of classes Ch for which there
exists at least one compatible preference model instance assigning a
to Ch, and the necessary assignment CN(a) as the set of indices of classes
Ch for which all compatible preference models assign a to Ch (see [26,
32]).

Computing the possible assignment for a ∈ A requires considering
problem (4) for each h ∈ H. It verifies whether score Sc(a) of a ∈ A
can be simultaneously at least as good as score of the lower profile
rh − 1 and less than score of the upper profile rh of class Ch, in the set
of compatible preference model instances (defined with the constraint
set EDM). We assume here that ε, which is used in both EDM and
newly added constraints, is a variable rather than a constant (as stated
previously in Section 4.1); it is used to transform strict inequalities
into non-strict ones.

Maximize : ε ð4Þ

EDM;
Sc að Þ ⩾ Sc rh−1ð Þ; if h N 1;
Sc að Þ þ ε ⩽ Sc rhð Þ; if h b p:

9=
;EP a; hð Þ

If ε* =max ε, s.t. EP(a, h), is greater than 0, and EP(a, h) is feasible,
then a is possibly assigned to Ch. Note that if the possible assignment
CP(a) is univocal, then it is equivalent to the necessary assignment
CN(a). On the contrary, if the possible assignment is non-univocal,
the necessary assignment is empty (CN(a) = ∅). This holds for all
sorting procedures where assignments are derived from the compar-
ison of comprehensive scores with the thresholds between consecu-
tive classes (see [34]). Note that when investigating robustness of
the delivered recommendation, we may additionally account for
the truth of the necessary and possible assignment-based preference
relations as well as the observed extreme class cardinalities as pro-
posed in [29].

6. Case study

Let us consider exemplary data concerning twenty Polish research
units to be assigned to one of the three classes C1–C3 (with C1 being
theworst, and C3 the best one). The units are evaluated on the following
four criteria:

• scientific activity (g1), including scientific publications in journals
included in the Journal Citation Reports (JCR), Polish ministerial
lists, or European Reference Index for the Humanities as well as
monographs, chapters, and number of patents; the evaluation reflects
an average number of points gained for publications by a single
researcher of the unit;
• scientific potential (g2), including the ability to grant PhD and
habilitation degrees, number of PhDs, habilitations, and professor
titles granted in the evaluation period as well as prestigious
memberships (e.g., being an editor of a JCR journal, member of
an editorial board of such a journal, or coordinator of an international
working group or institution); all achievements are scored and these
scores are summed up to get an evaluation;

• material effects of unit's activities (g3)—representing money acquired
fromgrants or cooperationwith industry (not included in the statutory
grant from the Ministry);

• remaining (non-material) effects of unit's activities (g4)—subjective
evaluation of ten most important achievements of unit's members
conducted by experts of the evaluation team.

The performances of 20 considered research units are given
in Table 1. As recently noted in [22], a problem representation has
a significant impact on decision processes. However, in case of
outranking-based methods, we suggest using a table representation
(such as Table 1) or parallel coordinate plots instead of heat maps. It
is the case since specification of comparison thresholds is easier when
analyzing the original performances of alternatives instead of their
mapping into colors representing different performance intervals or
levels.

We assume the DM to have provided weight wj and preference
threshold pj for each criterion gj (see Table 2). According to the DM's
preferences, the scientific activity of a research unit (g1) is the most
important criterion. The desired distribution of class cardinalities is as
follows: 25 % and 40% of research units should be assigned, resepectively,
to C3 or C2, and the remaining 35 % should go to C1.

First, let us focus on the procedure with continuous scores.
Solving problem (3), we inferred representative reference profiles
which are as good as possible (see Table 3). To respect the desired
class cardinalities, the profiles are such that there are 5 research
units at least as good as PR2, which separates classes C2 and C3, and
13 units not worse than profile PR1 separating C1 and C2. The scores,
class assignments, and ranks of the units and profiles are provided
in Table 1 (continuous scores). Units with ranks 1–5 (RU5, RU19. RU9,



Table 2
Preference thresholds and weights provided by the decision maker.

g1 g2 g3 g4

pj 4 4 2 2
wj 0.45 0.25 0.1 0.2
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RU4, and RU1) are assigned to C3; their scores are not less than
Sc(PR2) = 14.95. Further, units with ranks 7–14 are assigned to
C2; their scores are at least as good as Sc(PR1) = 8.45 but less
than Sc(PR2). Note that units assigned to the same class remain
comparable. For example, RU5 proves to be the best with a score of
17.60, while the last unit in C3, RU1, has the score of 15.05. In the
same spirit, the range of scores in C2 is between 13.05 (RU6) and 8.80
(RU11).

Profiles PR2 and PR1 can be interpreted as balanced performance
vectors representing minimal requirements that a research unit should
satisfy to be assigned to class C3 or C2, respectively. To support
this claim, we present the inferred profiles in Fig. 6, along with the
performances of all research units.

To verify robustness of the delivered recommendation, we need to
consider problem (4) for each pair of an existing research unit a ∈ A
and a class Ch, h=1, 2, 3. The analysis performed on this data set reveals
that in case all different reference profiles respecting desired class
cardinalities are used, the assignments presented in Table 1 can be
considered as robust. Thus, for each unit, the assignments obtained
with the representative preference profiles are equal to both the neces-
sary and possible ones. This means that although the ranks and scores
attained by the research units may vary, their class assignments remain
the same, not being influenced by the procedure for selection of the
reference profiles.

Let us also consider a scoring procedure with binary scores. Each
alternative a (research unit or reference profile) is granted a score of
one if it proves better in the pairwise comparison against another
alternative b, i.e., π(a, b) N π(b, a). The reference profiles inferred in
this case are provided in Table 3 (binary scores). Compared to the pre-
vious ones, performances of PR2 are slightly better, and performances
of PR1 slightly worse. Again, scores, class assignments, and ranks
attained by the alternatives are given in Table 1 (binary scores).
Obviously, all scores are integer values. Five research units with the
score not less than Sc(PR2) = 16 are assigned to C3; another eight
units with the score at least as good as Sc(PR1) = 7, but worse than
16 are placed in C2.

7. Conclusions

In this paper, we introduced a novel approach to joint sorting
and ranking of research units. These units are evaluated on multiple
criteria representing the level of effects they acquired and activities
Table 3
Inferred representative reference profiles.

Continuous scores

g1 g2 g3 g4

PR1 68.00 65.47 34.00 34.00
PR2 85.16 84.00 42.58 42.58

Binary scores

g1 g2 g3 g4

PR1 64.00 61.20 32.00 32.00
PR2 86.00 84.90 43.00 43.00
they undertook in the evaluation period. For interpretability of
the results, we constructed reference profiles separating the classes.
To leave units assigned to the same class comparable, they are
first ranked and then assigned to the respective class based on the
attained score. Ranking procedure is based on non-compensatory
pairwise comparisons including both existing research units and
reference profiles to be discovered. To account for desired class
cardinalities and taking into account the role played by the reference
profiles, we imposed constraints on the ranks they need to attain.
We discussed different inference procedures conditioned by the
preference information of the DM, as well as a set of procedures
with both continuous and binary scores gained by the alternatives.
We also proposed some rules for selecting precise and representative
performances of the reference profiles, and we have shown how
to conduct robustness analysis of the delivered recommendation. We
demonstrated practical use of the approach by considering a case
study of sorting/ranking 20 Polish research units with respect to 4
criteria.

Let us mention that the current procedure used by the Polish
Ministry for parametric evaluation of research units is also based on
non-compensatory pairwise comparisons of research units including
reference profiles. It is also using the procedure with continuous scores.
However, the reference profiles are defined prior to calculation, as
multiples of median values of performance distributions of considered
units on particular criteria, and the desirable class cardinalities are not
specified.

Obviously, in this paper, we have not exhausted all possible ways of
constructing and exploiting the outranking relation. While maintaining
the main idea of joint multiple criteria ranking and sorting with
reference profiles, it may be appealing, e.g., to account for the veto
phenomenon in the construction phase or to use a different net flow
score procedure in the exploitation phase.

Finally, let us remark that the ranking and sorting result can
be interpreted a posteriori in terms of decision rules involving
elementary conditions on a subset of criteria in the premise and
specifying a binary relation or unit assignment in the conclusion
(see [27,44]). Such explanations are important for justifying that
the final recommendation is logical, valid, and correct because
they prove to be useful in making explicit the experts logic and
assumptions [30].

The proposed inference and scoring procedures are based on the use
of MILP. In particular, constraint set Eprofilespref involves 2(p − 1)m(n + 2)
binary variables (2(p − 1)m(n + 2) = 2 × (p − 1) profiles × m
criteria × (n + 2) alternatives), while Eprofiles

ind ‐ pref three times as many of
them. Further, Escorescontinuous involves p(n + 2) binary variables, whereas
Escores
binary employs additional 2(p− 1)n binary variables. Thus, for example,

to infer reference profiles in our illustrative study, we solvedMILPswith
418 and 498 binary variables for scoring procedures with continuous
and binary scores, respectively. The execution time on Intel Atom
CPU D325 1:80 GHz with 4GB RAM and GLPK solver was a few hours.
Considering the typical size of groups of common evaluation of research
units, the respective MILP problems are still manageable with the
existing solvers. Nevertheless, as proved by the extensive experiments
conducted by Cailloux et al. [7], nowadays problems with a few
thousands of binary variables cannot be solved in a reasonable time
of several hours. Taking this into account, the practical usefulness of
the proposed approach is limited to sets consisting of several tens of
alternatives.
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